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Abstract
In this paper computationally easy explicit constructions of sequences of irreducible and
normal monic polynomials over ﬁnite ﬁelds of odd characteristic are presented.
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1. Introduction
We continue investigations of recurrent construction of irreducible and normal poly-
nomials over a ﬁnite ﬁeld of odd characteristic that we had begun in [3]. We describe
possible quadratic transformations over the ﬁeld Fq , where q is an odd prime power,
of the form P(x) → (dx2 + rx + h)nP
(
ax2 + bx + c
dx2 + rx + h
)
into the ring Fq [x], allow-
ing to construct explicitly irreducible polynomials of a higher degree from a suitably
chosen irreducible monic polynomial P(x) = ∑nu=0 auxu with at least one coefﬁcient
a2i+1 = 0, (0 in2 ).
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Proposition 1 (Kyuregyan [3, Theorem 2]). Let q be an odd prime power, P(x) =
x 1 be an irreducible polynomial of degree n1 over Fq , and ax2 + bx + c and
dx2 + rx + h be relatively prime polynomials from Fq [x], where (a, d) = (0, 0) and
r2 = 4dh. Suppose
(ah)2 + (cd)2 + acr2 + b2dh − bcdr − abhr − 2acdh = 2 (1)
for some  = 0 from Fq . Then the polynomial
F(x) = (H(a, d))−1
(
dx2 + rx + h
)n
P
(
ax2 + bx + c
dx2 + rx + h
)
is irreducible over Fq if and only if the element
(r2 − 4dh)nP
(
br − 2(cd + ah − )
r2 − 4hd
)
P
(
br − 2 (cd + ah + )
r2 − 4hd
)
(2)
(call the element given by expression (2) A) is a non-square in Fq , where
H(a, d) =
{
an if d = 0,
dnP
(a
d
)
if d = 0.
Using this proposition, in [3] we have proposed recurrent methods of constructing
sequences of irreducible polynomials.
We continue to investigate the case r2 = 4dh in this paper. The methods of
construction of irreducible polynomials proposed here do not require condition (1)
(ah)2 + (cd)2 + acr2 + b2dh− bcdr − abhr − 2acdh to be square in Fq and the element
A to be non-square. The new restrictions imposed are: (r2 − 4dh)(b2 − 4ac) = 0 and
br = 2(cd + ah) and B = (4hd − r2)ngP
(
b2 − 4ac
4hd − r2
)
is non-square in Fq , where
gP (x) is the minimal polynomial of the element 2 in Fq for a root  of the initial
polynomial P(x) which, in case of our restrictions on P(x), can be found explicitly
(see Proposition 3). There is no restriction on the degree of the initial irreducible
polynomial P(x), unlike the methods in [3].
We begin with deﬁnitions and preliminary results in Section 2.
In Section 3 we prove some results on the irreducibility of a composition of polyno-
mials which are essential, along with Proposition 3, for the construction of irreducible
polynomials presented further.
1 Here and throughout the paper P is assumed to be a monic polynomial, i.e., a polynomial whose
leading coefﬁcient is equal to 1.
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In Section 4 we present three different methods of recurrent constructions of se-
quences of irreducible polynomials. Section 4.1 is devoted to the case a, b, c, d, r, h ∈
F∗q . Section 4.2 describes the case a, c ∈ F∗q, r = 2a, and b = d = h = 0. In
Section 4.3 the case d, h ∈ F∗q, b = 2h, and a = c = r = 0 is considered. We also
show that the methods in Sections 4.2 and 4.3 can be used for constructing normal
and completely normal elements in a ﬁnite ﬁeld of odd characteristics.
In Section 5 we summarize efﬁciently implementable methods of construction of
sequences of irreducible polynomials and completely normal elements.
2. Deﬁnitions and preliminary results
Let Fq be a Galois ﬁeld of order q = ps , where p is an odd prime and s is a natural
number, with multiplicative group F∗q . Let, further, (q) denote the algebraic closure
of Fq . For P(x) =∑ni=0 aixi ∈ Fq [x] and  ∈ (q), we deﬁne
P(x) ◦  =
n∑
i=0
ai 
qi =
n∑
i=0
ai
i (),
where () = q denotes the Frobenius automorphism of Fq . This makes the additive
group of (q) module over Fq [x]. For  ∈ (q), we see that  ∈ Fqm if and only if
(xm − 1) ◦  = 0. The additive order of  is deﬁned as the unique monic polynomial
Ordq() ∈ Fq [x], which generates the annihilator of  as an ideal.
An element  ∈ (q) is called normal in Fqm over Fq if and only if the set of
conjugates {, q . . . , qm−1} constitutes a basis of Fqm as a vector space over Fq . This
is exactly the case if Ordq() = xm − 1, which means that the Fq [x]-submodule of
(q) generated by  equals Fqm .
We have an obvious test for an element to have maximal order:  ∈ Fqm is normal
over Fq if and only if
xm − 1
h(x)
◦ = 0 for all monic irreducible factors h(x) of xm−1.
If for each factor r of n the conjugates of  over Fqr form Fqr -vector space bases
of Fqn , then  is said to be a completely normal element of Fqn over Fq .
A monic irreducible polynomial F(x) ∈ Fq [x] is called normal or N-polynomial if
its roots are linearly independent over Fq . The minimal polynomial of an element in
a normal basis N = {, q . . . , qn−1} is m(x) = ∏n−1i=0 (x − qi ) ∈ Fq [x], which is
irreducible over Fq . The elements in a normal basis are exactly the roots of some N-
polynomial. Hence, an N-polynomial is just another way of describing a normal basis.
It is well known that such a basis always exists and any element of N is a generator
of N.
We will need the following propositions:
Proposition 2 (Menezes et al. [5, Theorem 3.7]). Let P(x) ∈ Fq [x] be an irreducible
polynomial of degree n and f (x) and h(x) be relatively prime polynomials from Fq [x].
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Then F(x) = hn(x)P (f (x)/h(x)) is irreducible over Fq if and only if f (x) − h(x)
is irreducible over Fqn for some root  ∈ Fqn of P(x).
Deﬁne the polynomial gP (x) by
gP (x) = (−1)n
n∑
j=0
2j∑
u=0
(−1)uau a2j−uxj
if P(x) =∑nu=0 auxu ∈ Fq [x].
Proposition 3 (Kyuregyan [3, Theorem 8]). Let P(x) = ∑nu=0 auxu ∈ Fq [x] be an
irreducible polynomial of degree n > 1, with at least one coefﬁcient a2i+1 = 0, (0 i
n2 ) and has the order e. Then the polynomial gP (x) of degree n is irreducible over
Fq and has the order
e
gcd(e, 2)
. Moreover, gP (x) is the minimal polynomial of the
element 2 if  is a root of P(x).
3. Irreducibility of a composition of polynomials
In this paper we consider only monic polynomials. Let P(x) be an irreducible
polynomial of degree n over Fq . Set for a, d ∈ Fq
H(a, d) =
{
an if d = 0,
dnP
(a
d
)
if d = 0.
Theorem 1. Let q be an odd prime power and P(x) = ∑nu=0 auxu be an irre-
ducible polynomial of degree n > 1 over Fq , with at least one coefﬁcient a2i+1 =
0, (0 in2 ). Let ax2 + bx + c and dx2 + rx + h be relatively prime polynomialsfrom Fq [x], with (a, d) = (0, 0). Suppose that
(r2 − 4dh)(b2 − 4ac) = 0 and br = 2(cd + ah). (3)
Then the polynomial
F(x) = (H(a, d))−1(dx2 + rx + h)nP
(
ax2 + bx + c
dx2 + rx + h
)
is monic and irreducible over Fq if and only if the element B
B = (4hd − r2)ngP
(
b2 − 4ac
4hd − r2
)
, (4)
is a non-square in Fq .
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Proof. Since P(x) is irreducible over Fq , then it can be represented in Fqn as
P(x) =
n−1∏
u=0
(x − qu) (5)
for  ∈ Fqn . Substituting ax
2 + bx + c
dx2 + rx + h for x into (5) and multiplying both sides of
the relation by (dx2 + rx + h)n, we obtain the polynomial F1(x) as
F1(x) = (dx2 + rx + h)nP
(
ax2 + bx + c
dx2 + rx + h
)
=
n−1∏
u=0
((a − dqu)x2 + (b − rqu)x + (c − hqu)).
By Proposition 2, F1(x) is irreducible over Fq if and only if the polynomial
(a − d)x2 + (b − r)x + (c − h) is irreducible over Fqn . This is equivalent to the
condition that the element D() = (r2 − 4hd)2 − 2(br − 2dc − 2ah)+ b2 − 4ac is a
non-square in Fqn . By (3), we obtain
D() = (4hd − r2)
(
b2 − 4ac
4hd − r2 − 
2
)
.
The element D() is a non-square in Fqn if and only if (D())
qn−1
2 = −1, which is
the case if and only if B deﬁned in (4) is a non-square in Fq . Indeed,
(D())
qn−1
2 =
⎛
⎝((4hd − r2)( b2 − 4ac
4hd − r2 − 
2
)) qn−1
q−1
⎞
⎠
q−1
2
=
(
n−1∏
u=0
((
4hd − r2
)( b2 − 4ac
4hd − r2 − 
2
))qu) q−12
=
(
n−1∏
u=0
(
4hd − r2
)( b2 − 4ac
4hd − r2 − 
2qu
)) q−12
=
((
4dh − r2
)n
gP
(
b2 − 4ac
4hd − r2
)) q−12
= −1.
The penultimate equation holds since, by Proposition 3, gP (x) is the minimal polyno-
mial of 2.
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Observe that since a − d is a non-zero element in Fqn , we obtain
F1(x) =
n−1∏
u=0
(a − dqu)
(
x2 +
(
b − r
a − d
)qu
x +
(
c − h
a − d
)qu)
= H(a, d)
n−1∏
u=0
(
x2 +
(
b − r
a − d
)qu
x +
(
c − h
a − d
)qu)
= H(a, d)F (x),
where F(x) =
n−1∏
u=0
(
x2 +
(
b − r
a − d
)qu
x +
(
c − h
a − d
)qu)
.
Thus
F(x) = H(a, d)−1F1(x) = H(a, d)−1(dx2 + rx + h)nP
(
ax2 + bx + c
dx2 + rx + h
)
is irreducible over Fq , which completes the proof. 
Theorem 1 gives us the following corollary:
Corollary 1. Let q and the polynomial P(x) satisfy the hypothesis of Theorem 1.
(1) If a, c ∈ F∗q , then the polynomial F(x) = (H(a, 0))−1(2ax)nP
(
ax2 + c
2ax
)
is irre-
ducible over Fq if and only if the element (−1)ngP
(
c
a
)
is not a square in Fq .
(2) If h, d ∈ F∗q , then the polynomial F(x) = H(0, d)−1(dx2 + h)nP
(
2hx
dx2 + h
)
is
irreducible over Fq if and only if the element (hd)ngP
(
h
d
)
is not a square in Fq .
An element  ∈ Fqn is a proper element of Fqn if  /∈ Fqv for any proper divisor v
of n.
Lemma 1. Let q be an odd prime power and P(x) ∈ Fq [x] be an irreducible polyno-
mial of degree n > 1. Let ax2+bx+c and dx2+rx+h be relatively prime polynomials
from Fq [x], with (a, d) = (0, 0) and (b, r) = (0, 0). If the polynomial
F(x) = (H(a, d))−1(dx2 + rx + h)nP
(
ax2 + bx + c
dx2 + rx + h
)
(6)
is irreducible over Fq , then the polynomial F(x) has at least one non-zero coefﬁcient
a2i+1, (0 i < n).
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Proof. Assume the contrary, namely, that all the coefﬁcients at the terms with odd
degree in the polynomial F(x) are equal to zero, i.e., F(x) = f (x2) for some f (x) ∈
Fq [x]. Since the polynomial F(x) is irreducible then f (x) is also irreducible over Fq .
Let ,  and  be roots of P(x), F (x) and f (x), respectively. Since P(x) and f (x)
are irreducible polynomials of degree n over Fq , then ,  ∈ Fqn and are proper elements
of Fqn . Also, since F(x) is an irreducible polynomial of degree 2n over Fq , then  is
a proper element of Fq2n . Since  is a zero of F(x), then
a2 + b + c
d2 + r + h is a zero of
P(x). Hence by (6) we may assume, without loss of generality, that
a2 + b + c
d2 + r + h =  (7)
and, by F(x) = f (x2) we may assume that 2 = . So, by (7) we obtain (r− b) =
(a − d) + c − h. But since b or r are non-zero elements of Fq and  is a proper
element in Fqn , then r − b = 0. Hence we have  =
[
(a − d) + c − h] /(r − b)
and we may conclude that  ∈ Fqn , which is impossible. The lemma is proved. 
4. Recurrent methods
Before beginning the study of methods of construction of sequences of irreducible
polynomials we set up some notation and preliminary calculations, which we will use
for their description throughout the paper.
Let q be an odd prime power and F0(x) =∑nu=0 auxu be an irreducible polynomial
of degree n > 1 over Fq , with at least one coefﬁcient a2i+1 = 0, (0 in2 ). Let
ax2 + bx + c and dx2 + rx + h be relatively prime polynomials from Fq [x], with
(a, d) = (0, 0) and (b, r) = (0, 0). Suppose
(r2 − 4dh)(b2 − 4ac) = 0 and br = 2(dc + ah) (8)
and the element A = (4hd − r2)n gF0
(
b2 − 4ac
4hd − r2
)
is a non-square in Fq . Then by
Theorem 1, the polynomial
F1(x) = (H(a, d))−1(dx2 + rx + h)nF0
(
ax2 + bx + c
dx2 + rx + h
)
= (H(a, d))−1(dx2 + rx + h)n
n−1∏
u=0
(
ax2 + bx + c
dx2 + rx + h − 
qu
)
, (9)
where  is a root of F0(x), is irreducible over Fq . Hence by Lemma 1, at least
one term of odd degree in the polynomial F1(x) has a non-zero coefﬁcient. By (9)
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we have that
F1(−x) = (H(a, d))−1(dx2 − rx + h)n
n−1∏
u=0
(
ax2 − bx + c
dx2 − rx + h − 
qu
)
. (10)
From expressions (9) and (10) we obtain the relation
g1(x
2) = (−1)nF1(x)F1(−x) = (−1)n(H(a, d))−2((dx2 + h)2 − r2x2)n
×
n−1∏
u=0
(
(ax2 + c)2 − b2x2
(dx2 + h)2 − r2x2 −
2(adx4 + (ah + cd − br)x2 + ch)
(dx2 + h)2 − r2x2 
qu + 2qu
)
.
Substituting x for x2 in the last relation, by (8) we obtain
g1(x) = (H(a, d))−2((dx + h)2 − r2x)n
×
n−1∏
u=0
(
(ax + c)2 − b2x
r2x − (dx + h)2 −
2(adx2 − (ah + cd)x + ch)
r2x − (dx + h)2 
qu − 2qu
)
.
(11)
Note that if 1 is a root of F1(x), then g1(x) is the minimal polynomial of 21,
(see [3, pp. 55–56]), i.e., g1(x) = gF1(x).
4.1. Method 1
This method gives an iterative technique for construction of irreducible polynomi-
als over Fq , without imposing any restriction on the degree of the initial irreducible
polynomial F0(x).
Let a, d, c, h ∈ F∗q . It is easy to see that the equation adx2 − (cd + ah)x + ch = 0
has non-zero solutions x1 = ca−1 and x2 = hd−1.
The element z = b
2 − 4ac
4hd − r2 is non-zero in Fq by (8). Note that the relations
z = xi = (az + c)
2 − b2z
r2z − (dz + h)2 for i = 1 or 2 (12)
together with (11) imply
gF1(z) = H(a, d)−2((dz + h)2 − r2z)n
n−1∏
u=0
(z − 2qu)
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or by Proposition 3
gF1(z) = (H(a, d))−2((dz + h)2 − r2z)ngF0(z). (13)
Now let the elements a, b, c, d, r, h satisfy (12). Then we have the following systems
of equations:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
b2 − 4ac
4dh − r2 =
c
a
,(
b2c
a
− 4c2
)/((
dc
a
+ h
)2
− r
2c
a
)
= c
a
(14)
and ⎧⎪⎪⎪⎨
⎪⎪⎪⎩
b2 − 4ac
4dh − r2 =
h
d
,(
b2h
d
−
(
ah
d
+ c
)2)/(
4h2 − r
2h
d
)
= h
d
,
(15)
where the elements a, c, d and h are non-zero, and (r2 − 4dh)(b2 − 4ac) = 0 and
br = 2(dc + ah). The system in (14) has a general solution for
1. b = 2h, c = ahd−1, r = 2a where a2 = hd,
2. b = −2h, c = ahd−1, r = −2a where a2 = hd.
Note that
c
a
= b
2 − 4ac
4hd − r2 =
4h2 − 4a
2h
d
4hd − 4a2 =
h
d
. Therefore, system (15) has the same
general solution. Hence for z = h
d
, by (13), we have
gF1
(
h
d
)
= H(a, d)−2
(
4h
d
(
hd − a2
))n
gF0
(
h
d
)
. (16)
Theorem 2. Let q and the polynomial F0(x) satisfy the hypothesis of Theorem 1. Let
ax2 + 2hx + ahd−1 and dx2 + 2ax + h be relatively prime, where a, d, h ∈ F∗q and
a2 = hd. Suppose that the element (hd−1)n is a non-zero square in Fq and the element
(hd − a2)ngF0
(
h
d
)
is non-square in Fq . Deﬁne
Fk(x) = Hk−1(a, d)−1(dx2 + 2ax + h)tk−1Fk−1
(
ax2 + 2hx + ahd−1
dx2 + 2ax + h
)
for k1,
where Hk−1(a, d) = dtk−1Fk−1( ad ), and tk is the degree of Fk(x). Then Fk(x) is an
irreducible polynomial over Fq of degree tk = n2k for every k1.
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Proof. Obviously the degree of Fk(x), k0, is tk = n2k . Now, let
Fk(x) =
tk∑
u=0
a(k,u)x
u, k0.
We show by induction that the polynomial Fk(x) is irreducible over Fq , for every k1
and has at least one non-zero coefﬁcient a(k,2i+1) (0 i < tk). Also, we show that for
every k1
gFk−1
(
h
d
)
= c2k−1(hd − a2)ngF0
(
h
d
)
,
for some ck−1 ∈ Fq .
By assumption F0(x) = ∑nu=0 a(0,u)xu is irreducible over Fq , with at least one
coefﬁcient a(0,2i+1) = 0, (0 in2 ). Then by Proposition 3, the polynomial gF0(x)
is irreducible over Fq . Since the element (hd − a2)ngF0
(
h
d
)
is assumed to be a non-
square in Fq , then by Theorem 1, the polynomial
F1(x) =
t1∑
u=0
a(1,u)x
u = (H0(a, d))−1(dx2 + 2ax + h)nF0
(
ax2 + 2hx + ahd−1
dx2 + 2ax + h
)
is irreducible over Fq . Moreover, from Lemma 1 follows that the polynomial F1(x)
has at least one non-zero coefﬁcient a(1,2i+1), (0 i < n). Hence, by Proposition 3,
the polynomial gF1(x) is irreducible over Fq and gF1(x) is the minimal polynomial of
21 if 1 is a root of F1(x). Recall that, by (16)
gF1
(
h
d
)
= (H0(a, d))−2
(
4h
d
(
hd − a2
))n
gF0
(
h
d
)
.
Since the element
(
h
d
)n by assumption is a non-zero square in Fq , then
gF1
(
h
d
)
= c21
(
hd − a2
)n
gF0
(
h
d
)
for some c1 ∈ Fq .
Hence gF1
(
h
d
)
is a non-square in Fq if (hd − a2)ngF0
(
h
d
)
is so.
Next assume that, for some k2, the polynomial Fk−1(x) is irreducible over Fq and
has at least one non-zero coefﬁcient a(k−1,2i+1) (0 i < tk−1). Also assume that
gFk−1
(
h
d
)
= c2k−1(hd − a2)ngF0
(
h
d
)
for some ck−1 ∈ Fq . (17)
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From the ﬁrst assumption it follows, by Proposition 3, that the polynomial gFk−1(x) is
irreducible over Fq and gFk−1(x) is the minimal polynomial of 2k−1 if k−1 is a root
of Fk−1(x). From the second assumption it follows that gFk−1
(
h
d
)
is a non-square in
Fq if (hd −a2)ngF0( hd ) is so. Applying Theorem 1, we obtain that Fk(x) is irreducible.
Further, by Lemma 1, Fk(x) has at least one non-zero coefﬁcient a(k,2i+1) (0 i <
tk−1). Hence, by Proposition 3 the polynomial gFk (x) is irreducible over Fq and is the
minimal polynomial of 2k , where k is a root of Fk(x). In a manner similar to (16),
one can show that
gFk
(
h
d
)
= H(a, d)−2
(
4h
d
(
hd − a2
))tk−1
gFk−1
(
h
d
)
.
Using (17), we obtain gFk
(
h
d
) = c2k (hd − a2)n gF0 (hd ) for some ck ∈ Fq , which com-
pletes the proof. 
4.2. Method 2
Let d = 0 and a, c ∈ F∗q and b, r, h ∈ Fq . In this case, by (8), we have r(b2 − 4ac)
= 0 and br = 2ah. Then the element z = −b
2 − 4ac
r2
is non-zero. If for the element
z, the relations
b2z − (az + c)2
h2 − r2z = z and ahz = ch hold, then from (11) we have
g1(z) = (H(a, 0))−2(h2 − r2z)n
n−1∏
u=0
(z − 2qu) or by Proposition 3
gF1(z) = (H(a, 0))−2(h2 − r2z)ngF0(z) (18)
Now, let the elements a, b, c, h and r be the solutions of the following system of
equations:
⎧⎪⎪⎨
⎪⎪⎩
br = 2ah,
b2z − (az + c)2
h2 − r2z = z,
ahz = ch,
where the elements a, c, r are non-zero, and b2 ≡ 4ac and z = −b
2 − 4ac
r2
. It is easy
to see that this system has a non-zero solution only for
b = h = 0, r = ±2a, a, c ∈ F∗q . (19)
In case of (19) z = c
a
, and by (18) we have gF1
( c
a
)
= (H(a, 0))−2(−4ac)ngF0
( c
a
)
.
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Using these preliminary computations, one can prove the following theorem in a
manner similar to Theorem 2.
Theorem 3. Let q and the polynomial F0(x) satisfy the hypothesis of Theorem 1.
Suppose a, c ∈ F∗q and (ac)n is a square in Fq and the element (−1)ngF0( ca ) is a
non-square in Fq . Deﬁne
Fk(x) = (2x)tk−1Fk−1
(
ax2 + c
2ax
)
, k1,
where tk is the degree of Fk(x). Then Fk(x) is an irreducible polynomial over Fq of
degree tk = n2k , for every k1.
In particular, when q ≡ 3 (mod 4) and F0(x) = x2 + 2x + c and a = 1, Theorem 3
is in agreement with McNay’s theorem in [4]. Theorem 3, as Theorem 6 from [3],
gives a recurrent method for constructing irreducible polynomials of degree n2k , for
arbitrary integers n, k1, over any ﬁeld of odd characteristic.
The case a = c = 1 of Theorem 3 was proved by Cohen [2] under the additional
assumption that n is even when q ≡ 3 (mod 4).
In the following theorem we construct completely normal elements in Fq, q ≡ 1
(mod 4). In the proof we use Chapman’s method to prove the normality and complete
normality of elements in Fqn over Fq , see [1].
Theorem 4. Let q ≡ 1 (mod 4) be a prime power, and F1(x) = x2+bx+c a quadratic
polynomial over Fq , where b is non-zero, and c is a non-zero square and b2 − 4c is a
non-square in Fq . Deﬁne Fk(x), k2, recursively by
Fk(x) = (2x)tk−1Fk−1
(
x2 + c
2x
)
.
Then Fk(x), k1, is an N-polynomial of degree tk = 2k over Fq . Further, if k is a
zero of Fk(x), then k is a completely normal element of Fq2k over Fq, k2.
Proof. First note that F1(x) = x2 + bx + c is irreducible over Fq since b2 − 4c
is a non-square in Fq . Then by Proposition 3 gF1(x) = x2 + (2c − b2)x + c2 and
(−1)2gF1(c) = c(4c−b2). Hence gF1(c) is a non-square in Fq because c is a non-zero
square in Fq and 4c − b2 is non-square in Fq . Therefore, according to Theorem 3, the
polynomial Fk(x), k2, is irreducible over Fq .
Our ﬁrst task is to show that k is a normal element of Fq2k over Fq . If  is a zero of
Fk(x) then
2 + c
2
is a zero of Fk−1(x), so we may assume that k−1 = (2k +c)/(2k)
for all k2. Now let k = (k +
√
c)/(k − √c) for k1, where by the term √c
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we mean a ﬁxed square root of c inside Fq . Then
2k =
2k + 2
√
ck + c
2k − 2
√
ck + c
= 2kk−1 + 2
√
ck
2kk−1 − 2√ck = k−1.
Also let 0 = 21 =
21 + 2
√
c1 + c
21 − 2
√
c1 + c
= −b1 + 2
√
c1
−b1 − 2√c1 =
−b + 2√c
−b − 2√c ∈ Fq . Note
that k = √c(k + 1)/(k − 1). Consider k = k − k−1 for k2. We have k =√
c(k + 1)
k − 1
−
√
c(2k + 1)
2k − 1
= 2
√
ck
2k − 1
.
We show by induction on k that Ordq(k) = x2k − 1. If k = 1, then 1 /∈ Fq ,
therefore, (x − 1) ◦ 1 = 0 and (x + 1) ◦ 1 = −a = 0. It follows that Ordq(1)
= x2 − 1 as required. Now let k > 1. By the inductive hypothesis we may assume
that Ordq(k−1) = x2k−1 − 1. It will sufﬁce to show that Ordq(k) = x2k−1 + 1, since
x2
k−1 − 1 and x2k−1 + 1 are coprime and k = k−1 + k . We need the factorization of
x2
k−1 + 1 over Fq . 
Lemma 2 (Meyn [6, Proposition 3]). Let q = 2Am+1 where m is odd and A2. Put
d = max(0, k + 1 − A). Then x2k−1 + 1 splits into the product of 2k−d−1 irreducible
factors
x2
k−1 + 1 =
∏
u∈U
(x2
d − u),
where U is the set of primitive 2k−d roots of unity in Fq .
For convenience, now let  = k . Then  is a 2k−d th root of d ∈ Fq2d and Fq
contains all the 2k−d th roots of unity. Also 2d () is a 2k−d th root of d and so
2
d
() =  for some 2k−d th root of unity . Since  ∈ Fq , then 2d t () = t
for each integer t. Since  generates Fqk over Fq , then 2
d t () =  only when t is a
multiple of 2k−d . So  is a primitive 2k−d th root of unity. Now
k =
2
√
c
2 − 1 =
2k−d−1−1∑
r=0
2
√
c2r+1
2k−d − 1 =
2k−d−1−1∑
r=0
2
√
c2r+1
d − 1
and
2
d
(
2
√
c2r+1
d − 1
)
= 
2r+12
√
c2r+1
d − 1
.
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Thus, 2
√
c2r+1
d−1 is non-zero and is annihilated by x
2d − 2r+1. Hence, Ordq( 2
√
c2r+1
d−1 )
= x2d − 2r+1 and as r varies, this polynomial ranges over all irreducible factors of
x2
k−1 + 1. We conclude that Ordq(k) = x2k−1 + 1 as claimed. Since Fk(x), k1 is
irreducible and its roots are normal, then Fk(x) is an N-polynomial.
To establish further that k, k2, is completely normal, note that the minimal
polynomial for 2 over Fq2 is h2(x) = x2 − 21x + c. Also, if in general the minimal
polynomial for k over Fq2 is denoted by hk(x), then hk+1(x) = (2x)tk−1hk( x
2+c
2x )
and the above argument shows that k is normal over Fq2 . Repeating this argument,
one can show that k is normal over Fq2t for each tk, i.e., k is completely normal
over Fq .
Note that the case c = 1 of the previous theorem was partially solved by Meyn in
[6] and later completed by Chapman [1]. Also note that the case q = 3 (mod 4), c ∈ F∗q ,
is described by Chapman [1].
4.3. Method 3
Let a = 0 and d, h ∈ F∗q and c, b, r ∈ Fq . In this case, by (8), we have b(r2−4dh) =
0 and br = 2dc. Then the element z = b
2
4hd − r2 is non-zero. If for the element z the
relations
b2z − c2
(dz + h)2 − r2z = z and cdz = ch hold, then from (11) we have
g1(z) = H(0, d)−2((dz + h)2 − r2z)n
n−1∏
u=0
(z − 2qu). (20)
Let the elements b, c, d, h and r be solutions of the following system of equations:
⎧⎪⎪⎨
⎪⎪⎩
br = 2dc
b2z − c2
(dz + h)2 − r2z = z
cdz = ch
where the elements b, d and h are non-zero and r2 = 4dh and z = b
2
4hd − r2 . It is easy
to see that this system has a non-zero solution only for c = r = 0, b = ±2h, d, h ∈ F∗q .
Hence z = h
d
, and by (20) we have
gF1
(
h
d
)
= (H(0, d))−2(4h2)ngF0
(
h
d
)
.
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Using these preliminary computations, one can prove the following theorem in a
manner similar to Theorem 2.
Theorem 5. Let q and the polynomial F0(x) satisfy the hypothesis of Theorem 1.
Suppose h, d ∈ F∗q and (dh)n is a square in Fq , and the element gF0( hd ) is a non-
square in Fq . Deﬁne
Fk(x) = Hk−1(0, d)−1(dx2 + h)tk−1Fk−1
(
2hx
dx2 + h
)
, k1,
where Hk−1(0, d) = dtk−1Fk−1(0) and tk denotes the degree of Fk(x). Then Fk(x) is
an irreducible polynomial over Fq of degree tk = n2k for every k1.
For d = h = 1, Theorem 4 gives the following corollary:
Corollary 2. Let q and the polynomial F0(x) satisfy the hypothesis of Theorem 1.
Suppose the element gF0(1) is a non-square in Fq . Deﬁne
F1(x) = (F0(0))−1(x2 + 1)nF0
(
2x
x2 + 1
)
,
Fk(x) = (x2 + 1)tk−1Fk−1
(
2x
x2 + 1
)
, k2, (21)
where tk = n2k denotes the degree of Fk(x). Then for every k1, Fk(x) is an
irreducible polynomial of degree n2k over Fq .
The sequence of functions (21), constructed in the above corollary, is shown to be
irreducible in [3] under the following restrictions: F0(1)F0(−1) is a non-square in Fq
and the degree of the initial polynomial F0(x) is even if q ≡ 3 (mod 4).
Theorem 6. Let q ≡ 1 (mod 4) be a prime power, and F1(x) = x2 + bx + c be a
quadratic polynomial over Fq , where b is non-zero, and c is a non-zero square and
b2 − 4c is a non-square in Fq . Deﬁne Fk(x), k2, recursively by
Fk(x) = Hk−1(0, 1)−1(x2 + c)tk−1Fk−1
(
2cx
x2 + c
)
,
where Hk−1(0, 1) = Fk−1(0) and tk denotes the degree of Fk(x). Then for every k, the
monic reciprocal of Fk(x), deﬁned as F ∗k (x) =
1
Fk(0)
xtkFk
(
1
x
)
, is an N-polynomial
of degree tk = 2k over Fq . Further, if k is a zero of Fk(x), then −1k is a completely
normal element of F
q2k
.
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Proof. Note that F1(x) = x2+bx+c is irreducible over Fq since, by assumption b2−4c
is a non-square in Fq . Then gF1(x) = x2 + (2c − b2)x + c2 and gF1(c) = c(4c − b2).
Hence gF1(c) is a non-square in Fq because c is a non-zero square by assumption in
Fq and −1 is a square in Fq . Therefore, according to Theorem 5 the polynomial Fk(x)
is irreducible over Fq .
Our ﬁrst task is to show that −1k is a normal element of Fq2k over Fq . If  is a zero
of Fk(x), then
2c
2 + c is a zero of Fk−1(x), so we may assume that k−1 =
2ck
2k + c
for all k2. Now let k = (
√
c + k)/(√c − k) so that
2k =
c + 2k + 2
√
ck
c + 2k − 2
√
ck
= 2ck
−1
k−1 + 2
√
ck
2ck−1k−1 − 2
√
ck
=
√
c + k−1√
c − k−1 = k−1.
Also let 0 = 21 =
c + 21 + 2
√
c1
c + 21 − 2
√
c1
= −b1 + 2
√
c1
−b1 − 2√c1 =
b − 2√c
b + 2√c ∈ Fq . Note that
k = √c(k − 1)/(k + 1). Now let
k = −1k − −1k−1 =
1√
c
(
k + 1
k − 1
− 
2
k + 1
2k − 1
)
= 1√
c
2k
2k − 1
for k2.
To complete the proof one can proceed as in Theorem 4. 
In the proof of the next theorem we use the following lemma.
Lemma 3 (Chapman [1, Lemma 2]). Let q ≡ 3 (mod 4) and write q = 2Am−1 where
m is odd and A2. Let k2 be an integer.
(a) If kA then the irreducible factorization of x2k−1 + 1 over Fq is
x2
k−1 + 1 =
2k−2−1∏
r=0
(x2 − (2r+1 + −2r−1)x + 1),
where  ∈ Fq2 is a primitive 2kth root of unity.
(b) If k > A then the irreducible factorization of x2k−1 + 1 over Fq is
x2
k−1 + 1 =
2A−2−1∏
r=0
(x2
k−A − (2r+1 − −2r−1)x2k−A−1 − 1)
×
2A−2−1∏
r=0
(x2
k−A + (2r+1 − −2r−1)x2k−A−1 − 1),
where  ∈ Fq2 is a primitive 2A+1th root of unity.
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In the proof of the following theorem we use Chapman’s method for proving
the normality and complete normality of elements in Fqn over Fq , described
in [1].
Theorem 7. Let q ≡ 3 (mod 4) be a prime power and F1(x) = x2 + bx + c quadratic
polynomial over Fq , where b is non-zero and c and b2 − 4c are non-square elements
in Fq . Deﬁne Fk(x), k2, recursively by
Fk(x) = Hk−1(0, 1)−1(x2 + c)tk−1Fk−1
(
2cx
x2 + c
)
.
Then for every k, the monic reciprocal of Fk(x), deﬁned as F ∗k (x) =
1
Fk(0)
xtkFk
(
1
x
)
,
is an N-polynomial of degree tk = 2k over Fq . Further, if k is a zero of Fk(x), then
−1k is a completely normal element of Fq2k .
Proof. Note that F1(x) = x2 + bx + c is irreducible over Fq since b2 − 4c is a non-
square in Fq . Then gF1(x) = x2 + (2c − b)x + c2 and gF1(c) = c(4c − b2). Therefore
gF1(c) is a non-square in Fq , since c is a non-square and 4c − b2 is a non-zero
square in Fq , while −1 is a non-square in Fq , for q ≡ 3 (mod 4), and b2 − 4c is
a non-square. Hence, according to Theorem 5, the polynomial Fk(x) is irreducible
over Fq .
We ﬁrst show that −1k is normal. Assume that
2ck
2k + c
= k−1 for k2. Fix a
root
√
c of c inside Fq2 and deﬁne k = (
√
c + k)/(√c − k). Then 2k = k−1 and
k =
√
c(k − 1)
k + 1
. Since (1) = c
1
, then
(1) =
−√c + c1
−√c − c1
= 1 −
√
c
1 + √c = −
1
1
.
Hence for k1, (k) =

k
for some primitive 2kth root of unity . Again if we put
0 = 21, then (0) =
1
0
.
To show that −1k is a normal element, we proceed by induction on k. If k = 1,
it is true since −11 does not lie in Fq and it has non-zero trace
b
c
. For k2 let
k = −1k − −1k−1 =
2k√
c(2k − 1)
. As in the proof of Theorem 6, it sufﬁces to show
that Ordq(k) = x2k−1 + 1. For convenience, let  = k . We split into cases according
to the size of k. As in Lemma 3, write q = 2Am − 1 where m is odd.
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Suppose ﬁrst that kA. Then () = −1 where  is a primitive 2kth root of
unity. Note that  ∈ Fq2 and () = q = 2Am−1 = −1 since 2A = 1. Now
k =
2√
c(2k − 1)
2k−1−1∑
r=0
2r+1 = 2√
c(2k − 1)
2k−2−1∑
r=0
(2r+1 + 2k−2r−1).
Let r = 2(
2r+1 + 2k−2r−1)√
c(2k − 1) . Then
(r ) = 2(
2r+1−2r−1 + −2r−1−2k+2r+1)
−√c(−2k − 1) =
2(−2r−12r+1 + 2r+12k−2r−1)√
c(2k − 1)
and
2(r ) = 2(
4r+2−2r−1 + −4r−2−2k+2r+1)
−√c(−2k − 1) =
2(−4r−22r+1 + 4r+22k−2r−1)√
c(2k − 1) .
It follows that (x2 − (2r+1 + −2r−1)x + 1) ◦ r = 0. As r = 0, it follows that
Ordq(r ) = x2 − (2r+1 + −2r−1)x + 1 since this polynomial is irreducible over Fq .
Hence as r varies, Ordq(r ) ranges over all the irreducible factors of x2
k−1 + 1 and so
Ordq(k) = x2k−1 + 1 as claimed.
Now suppose that k = A + 1. In this case () = −1, where  is a primitive
2A+1th root of unity. Hence 2A = −1 and so () = q = 2Am−1 = −−1. Now write
k =
2A−2−1∑
r=0
r , where r = 2√
c(0 − 1)
(2r+1 + 2A−2r−1 + 2A+2r+1 + 2A+1−2r−1).
For convenience, put 	 = 2r+1. We calculate
(r ) = 2√
c(0 − 1)
(	−12r+1 − 	2A−2r−1 − 	−12A+2r+1 + 	2A+1−2r−1),
2(r ) = 2√
c(0 − 1)
(−	−22r+1 − 	22A−2r−1 − 	−22A+2r+1 − 	22A+1−2r−1)
and
4(r ) = 2√
c(0 − 1)
(	−42r+1 + 	42A−2r−1 + 	−42A+2r+1 + 	42A+1−2r−1).
It follows that (x4 + (	2 + 	−2)x2 + 1) ◦ r = 0. But over Fq2 this polynomial factors
as (x + i	)(x − i	)(x + i	−1)(x − i	−1), where i = 2A−1 is a square root of −1.
Over Fq its irreducible factors are x2 ± i(	 + 	−1)x − 1 and it is easily seen that
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neither of these annihilate r . Hence Ordq(r ) = x4 + (	2 +	−2)x2 +1 and as r varies,
these polynomials are coprime and multiply together to give x2k−1 +1. We again obtain
Ordq(k) = x2k−1 + 1.
Finally, suppose that k > A + 1. Let 
 = 2k−A−1 be the Frobenius automorphism
of F
q2k
over F
q2k−A−1 and let 
′ = k−A−1 ∈ Fq2k−A−1 . Then 
(′) = ′ and 
() = ,
where  is a primitive 2A+1th root of unity. Note that 
() =  and 
(√c) = √c. For
0r < 2A−1 let r = 2√
c(′ − 1) (
2r+1 + 2A−2r−1) and ′r = 2Ar . Hence k =∑2A−1−1
r=0 (r +′r ). Straightforward computations yield 
2(r )− (2r+1−−2r−1)
(r )−
r = 0 and 
2(′r ) + (2r+1 − −2r−1)
(′r ) − ′r = 0. Therefore, Ordq(r ) = x2k−A −
(2r+1 − −2r−1)x2k−A−1 − 1 and Ordq(′r ) = x2k−A + (2r+1 − −2r−1)x2k−A−1 − 1.
Again, we conclude that Ordq(k) = x2k−1 +1 completing the proof that k is normal.
To show that −1k is completely normal over Fq , it now sufﬁces to show that 
−1
k
is completely normal over Fq2 . Since q2 ≡ 1 (mod 4), we can use Theorem 6. Indeed,
since c is a non-zero square in Fq2 and k−1 =
2ck
2k + c
for k2, it follows that
f2(x) = x2 − 2c−11 x + c is the minimum polynomial of 2 over Fq2 and fk+1(x) =
Hk(0, 1)−1(x2 + c)tk−1fk
(
2cx
x2 + c
)
. Thus by Theorem 6 −1k is completely normal in
Fq2 and this completes the proof. 
5. Conclusions
Let P(x) = ∑nu=0 auxu be a polynomial of degree n over Fq . Let A and B be
operators deﬁned on the ﬁeld Fq(x) as follows:
AP(x) = P
(
x2 + c
2x
)
and BP(x) = P
(
2cx
x2 + c
)
, where c ∈ F∗q .
Let AmP(x) and BmP(x) denote AmP(x) = A(Am−1P(x)), BmP (x) = B(Bm−1P(x)).
Let us see whether AmP(x) = P
(
am(x)
bm(x)
)
, where
{
bm(x) = (2x)2m−1Abm−1(x) = 2am−1(x)bm−1(x),
am(x) = (2x)2m−1Aam−1(x) = a2m−1(x) + cb2m−1(x)
(22)
and a1(x) = x2 + c, b1(x) = 2x.
Consider the simplest case when P(x) = x and use induction on m. Then we have
Ax = x
2 + c
2x
= a1(x)
b1(x)
. Now, let Amx = am(x)
bm(x)
for some m > 1. Then for m + 1
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we have
Am+1x = A(Amx) = Aam(x)
bm(x)
= Aa
2
m−1(x) + cb2m−1(x)
2am−1(x)bm−1(x)
= (2x)
2m−1Aam−1(x))2 + c((2x)2m−1Abm−1(x))2
2((2x)2m−1Aam−1(x))((2x)2m−1Abm−1(x))
= a
2
m(x) + cb2m(x)
2am(x)bm(x)
= Aam+1(x)
bm+1(x)
.
The general case P(x) =∑nu=0 auxu can be shown similarly.
Further, let PA(x) = (2x)nAP (x). Then PA(x) = (b1(x))nP
(
a1(x)
b1(x)
)
= P1(x).
Now for m2 consider the relation:
Pm−1(x) = (bm−1(x))nP
(
am−1(x)
bm−1(x)
)
.
One can show by induction that
PAm−1(x) = Pm(x) = (bm(x))nP
(
am(x)
bm(x)
)
=
n∑
u=0
aua
u
m(x) b
n−u
m (x). (23)
Now consider the operator B. One can show by induction that
BmP(x) = P
(
cbm(x)
am(x)
)
,
where am(x) and bm(x) are functional sequences deﬁned by (22). Consider now
PB(x) = (x2 + c)nBP (x); then
PB(x) = (a1(x))nP
(
cb1(x)
a1(x)
)
= Q1(x).
Now for m2 consider the relation:
Qm−1(x) = cn(2m−2−1)(am−1(x))nP
(
cbm−1(x)
am−1(x)
)
(24)
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One can show by induction that
QBm−1(x) = Qm(x) =
n∑
u=0
au(cbm(x))
uan−um (x).
Now let us see if P(x) = x2 + bx + c; then
Pm(x) = c(−n(2m−1))−1Qm(x). (25)
Indeed, it is easy to see that by (23) Pm(x) = a2m(x) + bam(x)bm(x) + cb2m(x) and
by (24)
c(−n(2m−1))−1Qm(x) = cb2(x) + bam(x)bm(x) + a2m(x).
So we have (25).
Using relation (25) and Theorem 2 from [1] and Theorems 5, 6 and 7 of this paper,
we can make concluding remarks incorporated into the following theorem.
Theorem 8. Let q be an odd prime and F0(x) = x2 +bx+c be quadratic polynomials
over Fq , where b is non-zero, and b2 − 4c is a non-square in Fq , and
(1) where c is a non-zero square in Fq if q ≡ 1 (mod 4)
(2) where c is a non-square in Fq if q ≡ 3 (mod 4).
Deﬁne Fk(x) = a2k (x) + bak(x)bk(x) + cb2k(x), where ak(x) and bk(x), (k > 1), are
sequences of functions deﬁned by (22). If k is a zero of Fk(x), then k and −1k are
completely normal elements of F
q2k
.
The following methods of constructing irreducible polynomials over Fq have few
restrictions on the initial polynomial P(x) and few arithmetical operations are needed
to perform their quadratic transformations.
Theorems 3 and 5, taken along with relations (23) and (24), give the following
corollary.
Corollary 3. Let q and the polynomials P0(x), F0(x) satisfy the hypothesis of
Theorem 1. Suppose c ∈ F∗q and (c)n is a square in Fq . Deﬁne
Fk(x) =
n∑
u=0
aua
u
k (x)b
n−u
k (x), k1,
Pk(x) = a−10
n∑
u=0
au(cbk(x))
uan−uk (x), k1,
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where ak(x) and bk(x) are sequences of functions deﬁned by (22):
(1) If the element (−1)ngF0(c) is not a square in Fq , then for every k1 Fk(x) are
irreducible polynomials of degree tk = n2k over Fq .
(2) If the element gP0(c) is not a square in Fq , then for every k1 Pk(x) are irreducible
polynomials of degree tk = n2k over Fq .
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